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ABSTRACT -

_ " This reporf continues the etudy of the effect of temperature -upon
the propagatlon of high frequency, small amplltude d1sturbances in a

'relat1v1st1e beam plasma system of f1n1te radius.

_ The current response of the beam is calculated in. thls report by
'5us1ng the accurate-“betatron: osc1llat10n orbits of- the heam particles.

The effect of the beam’s self magnet1c fleld on the plasma is neglected

‘Maxwell's equatlons are. 1nvest1gated for an arbltrary normal mode.
'Both beam and plasma temperatures are included in der1v1ng the dlspers1on:
relations for the £ =0 normal mode, For £ # 0 Maxwell 5 equat1ons are.
"~ easily uncoupled only ‘for ‘a cold plasma. - D15per$1onnrelat1onseare.glven

’ for th1s case for an 1nf1n1te plasma only

When the plasma temperature is not zeto, uncoupl1ng of Maxwell 5
.:equat1ons for 4 # 0 leads to a sixth order differential equatlon for - -
'=JE (r) = For thls case some spec1al modes are 1nvest1gated 1In. partlcular,ir
it is shown that pure. transverse waves are possible only for £ = 11 How-
-ever, pure 1ong1tud1nal waves are found ‘to be poss1ble for all { prov1ded

the relevant dispersion relations have solut1ons.'
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I INTRODUCTION

-This report continues the study of temperature effects upon: the
high frequency sLab111ty ‘of a beam-plasma system. - (The flrst report 1n_'

this series! Wlll henceforhh be referred to as TI).

In Section IT, the zero-order orbits of the beam part1cles are de-

'r1ved taklng 1nto _account. the self -magnetic fleld of bhe heam.

_ In Sect1on III the current response of the beam is calculated for
-an arbltrary normal ‘mode - us1ng the orbits derived in Sect1on I,  Im par- .
ticular, it is shown ‘that the high frequency cr1ter1on, |w - kV |2 >> wﬂ'
.reproduces the results derived in TI-—where stra1ght llne motlon was as-
lsumed for all-partlcles. "Also in Section TII the plasma current is cal-
“culated for an arbltrary normal mode. " The’ effect on"the plasma of the -
- beam’ s-magnetlc.jreld is neglected. Thls is shown to correspond to the

'following_additional:restric;ion upon the frequency:

-:rlw'+'jve|r 7dﬁﬁfo

g e

Mexwell’s equat1ons for an arb1trary normal mode are 1nvest1gated in
SechPB-IV "For the £ = 0 normal mode, the equatlons are readily uncoupled
fhs_in:Tl. However for 4 # 0, the equat1ons are easzly solvable only for a
cold plasma. -In general for non-zero plasma: temperature, uncoupl1ng of

* the equatlons resulcs ina 51xnh order d1fferent1a1 equat1on for. E (r)

In Sect1on v, dlspers1on relatlons 1nclud1ng both beam ‘and plasma-
: temperatures are: derlved for the { -0 normal mode._ stpers1on relations
" are. g1ven “fof “4n 1nf1n1te plasma, a plasma bounded by a: conductlng wall

and a f1n1te plasma beyond whlch is vacuum

DisperSion relations'for'a cold 1nf1n1te plasma are derzved for

‘arbltrary £ in Sectlon VI. In Section VII .some: speclal modes,are_lnvesAff

_t:gaced for non-2zero " plasma temperature and { # 0 TBE¢pure]transverse -

“. References are -listed at the end of the';eportij:_ -




“and pure 1ohgitudina1:modes-are,inveStigatedr It is found ﬁﬁat pure
transverse waves éfe'ﬁply'possible for 4 = 0. :Howéver; for arbicfary'f
:5£ (includingf£ = O)tpu;é.longitudinal waves are possibie: providéd-thé]
-:relévant &isperéibﬁ;rélations have_solutioné,'-In é'preliminary.éﬁalySis__
of thésé_relatiohs,{ﬁné;able solutions are:foﬁnd'only for {-é”O and are
‘-equivalent tb'the_base of an ‘infinite beam in an infinite, zero¥tempefature

‘plasma.
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.-Thap-is,

r > g By = ocb—|2— =118 = bl—]f2— = 1f{yx = 2y} .

~ I THE ZERO-ORDER ORBITS

For an. electron _beam of "equilibrium density nal(r) mov1ng with'a -~

mean drlft veloclty V = V z, the macroscopic current is-

' .3%(_1") - "e"o_l(");o L S . : -(1) |

‘where r = [x? +'y2]%._ The magnetic field due to this current is given by

VxB, - — J, . R T

d - '4ﬂeﬁul(r}ﬂ) B S
= (rByg) = T . N ¢13)
r - R B .

. r

Th@refore

- J ng(r’ )r d'r'e (3) )

‘Exampies°

Q1) “The square beam case——nol(r) for r_< r0 and n01( ) =0

for r > T Lgttlng b = 2Wen01V0 c then

r< r,:

o

-
o,
t

: fbre-:i.'b(yg - xy) R L -(4a)_g

3 2 ro\? T e
P>y By -b—--e- b(w) (y2 = 2y) . - (4b)

ﬂ‘:(2)t ﬁol(f)_ ?':nbl_for.f'<ﬂr0.and_ﬁnl(f)  ?"n5if°/r for r:>_fu:

N ro:-.Bo =:.-§r9 -=. bi{yx - xy}lg TR sl (4°)_ =

i
]

Pl Te




{3) _Gaussian—fnui(f) = ngy exﬁ Grz/r%}. . ."'h  '. S _
T e ro : - 2/ o . C o )
: -'fBb ;g'ﬂb(:f)_[ - 7 ](yx - xy) R E | (4e)

To take advantage of its obv1ous 51mpl1c1ty only the square beam,

- Example (1) Wlll be cons1dered here.

- The "beam- part1c1e orblts are. determlned by Newton s second laW'

. using the two-mass ‘approximation:

Vam

de’

r'|_-

At time. t' = t, V'

(5) becomes_} ~.‘

v

S dt!

o ."I.
- dv;

thf,,

where

2 .
2We nMV0

W

_._7nmc2

- The constants.of the

“are

and -

motion, ‘which ére easily found_frbm Egs.

7°V'2 + U "2

Usihg Eq.

)

{6a)

- ceﬁi_ '

(60,5),

._(Ta)

(Tb)
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Also, since the beam particles are constrained to be within r,, the _
- boundary coﬁdition,_p; =0at r' = r, is imposed. Noting that Eq. (6a) -
-fj{:,f : " can be written as. ' ' - S

[ . 2 .
dV: wﬁ dr 2

dt' .. 2')/%!/0 dt‘_'

(8)

- then, using Egs. (7a) and (7b) and the condition v (rg) =0,

(P2 -y rvEE ()

. ﬁhére".
1 ST I
T = -— L';’_/’ :

et
o YoY%

_  An equation for_v: in terms.of r' is obtained-by_ﬁsihg Eqs. (75,b)
and (9): ' S : o o
....... wh

S AT - L 4rive

12

tr'if- fz)_".sz?_+
. 7 0 ﬂ . (rllr_ro.).2 . . L
a0

- Since (v;)2.= (drf7dtf)2 then, letting 7 = ¢t = ¢’ so that r' =_rrwheﬁ |

.an

~

7Défining'the aimensiéﬁleSS'quantifies-
1 @y L T
:;' ﬁ. TR T 12y




I T T LY e e S oo (13)
: _ , : : wﬁVOG . . _ _

: :and_chahgingltﬁe variable of'integration.to v = ul, Eq. (11) cah_bg put
'_ﬁintb the form_"'“ ' .' C o . _

: | r2 e )
g “dw

e P ) y 7
L 2 q 9 [r% - w]%[w - D+]y2[w ._.._ D_]A

a4

T

'Whé;é .  - 7
' o, L g2 . o SRR .
D, = Tk (¢ - 1) f— [(1 - N sq2¥” . o as) .

“-"2'9 ::_.._ g _ L ‘ R _

o oo -

It will now be assumgd_ﬁhat q? < 1. Thusf '

D, ;—_-r§L2;+ 0(q2) L TR AN 1(1539:"

=
n

_."'_ r%(? -.—li)f r%L2'+ O(q?) _'; I 15(15$)” e

R

The first case to be treated will be that of zero angular momentum;
" i.e., L2 = 0. Then D, = 0 and D, = ra(l - 1/g2) < 0 so the integral in -
Eq. (14) can ke done using No. 544 of PierceZ.  Hence = e

L e _% L -1 S
w,GT =_T[;§ - DA {sa”H¥A) - s (WL,A 0 (16)

~

A | S
-1 0 -1 - I

-
11
t=
-+
-
=

|

AZ . — = q%



and

ro . o
c—"[r2-p1" =1 ..
q :

Since 0 < ¥ < 1 then sn” M¥,A) = F(sin™? W,A) where F($,A) is the
elliptic integral of the first kind..  Therefore Egq. (16)_becomes'_ '

(@G =_ F($in-¥“T}A) - F(sin™! ¥',A) o s o 1)
‘Now for A2 < 1,
SR F(¢,A). = ¢+ [ - sin ¢ cos ¢]-Z—A oo,
so;'inclu&ihg terms”up to first order in'qz,'Eq, (17).becom§s
PR R SSUPRINIE SF 7SI S
wﬁGT = sin”!¥ - sin” ! ¥ +—gqg {sin" " ¥
o c ST . 4
— sl -wl -wh e -t tlB e L a8)

pCopsidérQEg;.(IB} to zero order:in-qz. Tt can be Writ€enaas~:ﬂ"

( 11.9.).

- Using the identities -

1

—7 = cos’

Vsin”! %
‘and | S
© eos"ly -cosTlx = cos'-',l{xy + [(1 - 21 - yD} } IR

_; phen'Eg; (19)-beqomésﬁ ._'

2

+—) = 2—— cos wGr ¥ ——=sin® wGr =0 . (20a)
' ‘ 0. ;f_-'_._Lpoi:T _"--_ o S el

ot = [r cos wﬂGTfi (r3 - 52)A;SiniwﬁGT]?f;-;.‘iz_ (20b) .. -




T Equatlon (20b) 1eads to s1mple orb1t equatlons when expressed 1n ' .
- terms of the CarCe51an coord1nates,_x"and y . Since L2 =0 1mp11es’
- Vg =0, then ' = 6. 8o z' = r' cos 9 and y = r' sin &, where

 r'cos 6 cos QﬂGT.i (rd - rz) _cos 6 sin wpGT : '(213)”:' 

g

.:;Yf_ :.;Esin;é-cos wﬁGT * (r%_” n2)%'sin G'Sin.wﬁGT“'_# (21b) 

.. From EQ;.'(21a;b)ﬁ'

<
It
HO

.wﬁGr.épsrﬁ.sin @ﬁGT wﬁG(r%.f rﬂ)%.éds_Q cos wé¢f'_ :.(2?a)j.,

R
n
)

'wscr s;ﬁjﬁ_sin'wﬁcf wﬂG(rg f rz)z”sip Q cos w?GT: 'i (22h)."'
~ Sewting 7 = 0 in Eq. (22) leads to

ng?ﬁr%_“ r) COS? 7 ': ' 1.: '_ o (23a)

L}

;. w36%(r3 5 %3) sinf'€  i -.;_'f- f(gsyl__.

p—
S
L)
L

or, equivalently,

ot
| ]
1
o=
w©
+
<
ra
i
g
Y]
[op]
[S)
o~
-4
r
t
e
™
e

' -7(23c)_5'

‘Also, since L2 ¥“b;._'

. ‘.G21 =.;

. Using Eq. (23¢)

yvi fy(,v2

- j'whiCﬁ is of ghe or&er;of qZ_Sihce_G2 is of the order of unity{ :So_to..
~.zero order in.g? , | e | |
R e .'iﬂ.l o  1'$ oL 2 L P I o
I - e T— L ()
L | o e o . = V0 - L L SRR oo
8

C(24a)



e

'ﬁFfbm:Eqs; (25).aud_(26)-l

- when vg = 0. Therefore

' Also note that, uéing Eq. (24b), the f1rst term in Eq (9) is of the order '

of ¢? relat1ve Lo the second term.

'In;summary,';he zero-order orbits for the beam particles for zero
angular momentum and to zero order in g? 1/4[(w2V2)/(7%V%G2)](it is

actually quite é#ident from D, and D_ that these results=are also true for

" non-zero angular momentum as long as. the angular momentum is small enough

such that L2 is of the same order of magnltude as q?), are
V‘ : .VO toy,
: = . . : . - ..
v, F WX s1n_wdr + v, cos wor_
o . o R 2
_ v, = @gy sin @7 * v, cos @ e (25)
and _ : '
L . - . -
2l = oz (Vy v?)T
S @ T = — v sin @,T
.x' = x cos W ~— v, sin @57
' ) 1 : .
y' = ycos o = v _sinwg -(26)
where .
o o v,
@y .= wgl and - G? "= 1 te—
Yo

ig LR 2 L 2 22 n g2
v.r_fwor_ | -”r+°"u_r_ _..w_or

p'2 + wi(y'2 - p2)

LY, og(r'2 = v, ., and v o

can be taken as the constants of nhe motion descr1bed by Eqs.-(25) and

" (26).

It is of interest to 1nqu1re whether Eqs (25) and (26) carrectly

"descrlbe the: beam part1cle orblts for large angular momentum,.t e.,"ﬁ_:,7




'_;? >> g2, - For the-eaee'of 4g3L% >>1, D, = +rzL/q y the same general
'_merhod'as above, the erblt equat1on, replac1ng Eq (20b) “is now found
" to be SRR S :
| : [ Y A o . Ly 2
rls E;rg.{r. . -.rb'c.os wgGLT (r§ =B sin @67 (27)
'_:where . _:';',_3'
G = V2lLG

It is obvious that Egs. (25) and (26) do not_eeeieﬁy Eg; (27) and are,

therefore, the beem'eapticle orbit equations only for small eneugh L

- .angular momentum such that L? £ q2.

It is qulte obv1ous that Eqs {259 and'(26)iere'reaafir-obtained

'-.from Eqs (6a,b) by setting the right-hand side of Eq (63) equal - to zero

“(which . is equivalent to- letting 72 -+ @), There are two advantages to the

'ratherrelaborate'dErivatiOn'preeented*hETe

(1) ie has been shown ‘that the aecuracy’ of Eqs (25) and (26)
‘depends upon the ‘smallness: of ‘the parameter q , and

.(2) Egs. (25) and (26) are only valid for small enough angular'
“momentum such that' L% .$-q? << 1, or equivalently;
v9/72V2 << 4q2 << 1, -

Point (1) made above has some relevance to the work of MJolsnesssg.

in wh1ch Eqs (25} .and {26) are uSed as the beam partlcle orblts Later

in his work he uses " Zyog as’ an. expans1on parameter to. solve his 1ntegra1

) equatlons Therefore, care must. be taken in con51der1ng s ome “of the cases.
'-dlscussed by MJolsness,- such as these in whlch 2y 49 is assumed larger than'
.. certain other terms, 51ﬁce this may ‘be 1ncons1stent with the: use of -

‘Eqs. - (25) “and- (26) However, it should be ‘noted that’ Nbol

. the macroscoplc“hose instability” from . the m1crescop1c-

(L e., by us1ng the Boltzmann equation- to descr1be the"beam partlcles) by

;settlng g = 0. This case is obviously completely consistent with' the use -

of Eqs (25) and (26) as the equat1ons for the zero- order orbits.

“The use of Eqs (25) and (26) 1ntroduces suff1c1ent complexlty into

" the calculatlon of ‘the beam current so that the generallzatlon to arb1trary
L% or the 1nclus1on of hlgher order terms in q2 is not warranted at this.

'tlme

10



. The restriction to zero in g° requires that g? << 1 or, since G¥ is

- of the oraéf:of unity,

o ha

2
w
i

q2 - 7; << . : . (28a)

yiv

-

- Equivalently

N ]
NgqTy

g% = (45%1071S w1 ¢ (28b)
0.

where ng, éhd'ro are expressed in MKS:hnits. ‘For ‘example if ¥, =_10-ahd"

-ro"""]. cm then
- "'3::'=-; 02  ~ | < BT ._ ..ﬁ;,_ 
: .q2 é._(45Xl0 3}n01‘§§.1.._. o  ._.(29).

or : : _ -

Cngy << 2X10%1/md = 2x10M%/em® . GO

.

PE—



 III THE BEAM AND PLASMA CURRENT

The . perturbed bean current response is given by

e el fanG, e 0y, 6D

Where_" - o
: P . . _ | LT e
fi = eJ [E(;'.t )+-5—v xs(x, -)] SV fedt . ()

(ZOO) ’
f01 is the equ111br1um distribution functlon, and (ZOO) denotes that the
:1ntegral is- to. he dorie along the Zero- order orblts (see Section IV of TI).

o A solutlon of ‘the equlllbrlum Boltzmann equatlen for the beam par-
" ticles which is consistent with the orbit equations,’ Eqs (25) “and (25)
is .any arbltrary function of the. constanns of the motlon That is,

.:f01 f“;fOIGUg;vf ?.wgbze?fvz)._ ..ji ij f-  }(33)

: where 52.=:r%'"' However, note:. that Eqs (25) aﬁd.(ZG) are:not con~
: fs1stent with the or1g1na1 Boltzmann equat1on unless dv, /dt 0. This

~last’ cond1t1on actually means. that 7h must ~be. very 1arge or,. equlvalently, e

_Vo must be very qlose.;o.c, the speed of light. However, since

Cal w6k B Ry
3 = <d4g? <<l (34a)
"73‘_’% e ?’20“% T T DU

“then the actual varxat1on of v with radius is probably not essentlal andflkf¢_~;fr

will be approxlmated in f01,_1eadlng to cons1derable s1mp11f1cat10n Ac- L

~cordingly; 1n_f01_€2 is replaced by its: average over. the cross-< sectlon:.

 13.-




- ) :I'-:he'_n -

. where .

then.

" ‘where

'end.ﬂ = w

“In.particular f,, is taken to be

h;'mﬁqb

fdi'; ‘ : S(PE)S(UZ"aﬁczpz)e _

[277')’0 m’ 8“]

It should be noted that the full- t1me dependence of v,
"_7 Lorentz force part of Eq (32}. '

- .vp-f()l

8'(v9> PP

3G =

: fﬂl = f()l(-v'es.v'r

m S(va) Yom

2 - wlGWpu) . 1 (35)

(36)

=5(3)f4, (372)

- ;z o 1 VO

Y +T.-'-"

8“_- Zygmvd

- I 2 A A ..
.Vof*.v 2wﬁp. : o
e (37b)-'

- BJ(UE - w‘éGgpﬂ)

CEGt)

>

meet thETet) -J' FGoe"

(e -wlG?)

..The.facte that G = (¥ + pz)/Vo_and dG?/dvl';_l/VO‘heve'been.used,.-

=_.E(F)€§(&szt] ._[ o -;  ;(38)- -

l{Q’klﬁ ]1- .' S(v)f()l (39)

, ) o
. (z0O) . -

e
Vo T v

——— x (g + ik?)?‘E(F'

14

~is retained in the



For the moment the limit v 0+ will be taken after the incegrétion is
performed. “ S ' o '
 Expanding F(7',%') in a Taylor_series.
F

= )
ay |1-"—’0 . .

F o w F
¥ F - . 0

since r’ =r and v = vat T = 0.
Now; for example,

_ x(co$'wdT'fﬂ1)J*:;— v, sin @7 -
. - 0 N

»
o
.
It

an.(.i h

[~
1
<
"

o _ o o N
; _ vx(cos_wdr ;)-+ Wgx sin @7
80 - B

¥ 1w - F

7 CQS_mdr Bxlf=n. : a;

Also-

Thus, - in compact form;'

: . 1 v o c v 1=

. F(?',B") o Z -;-._.[(F '..“hi_ . Vv?(cds ng--”.. 1.)..-+_(w0r ..-_\.7_0 -—;.J:u* ?}sm 2 T].F(r v) B
o | | | [T R 5 S S
where _ ERRC

- Al S R, .
Y = — 24—y - and - —_—
VRt and Vo % a x 2w, y

<
1]

: 715.ﬁ :




- More?COnVeniéntiy;:Eq.'(41)'can be“cxpressed as

S - o 1. C tw R . = .
= (r -V v, V) sin-—-wo'r] F(r,v) L 42)

.-'Defiuing'r

R "2.n+-1-'..°'° e, T
T - J (sin u)“[GwDF V-3 ﬂV)_cos .

S I 'n.!w(}" . . _ o w 1. ]
" mleg ) T e

3

0

| | “:i.- §F fV-+';; ;v”) sin u]fepudu
where e T e
: 'ﬁ' Z(QI--kﬁ;)_'

‘then . i
ﬂjf -.“3_3 :   -j. . fl  ;_ -ee‘sz,Wt)nzo[T E(r v)] . E‘F)fgl . .‘.: _  .(43)_., 
| ...'Bnd‘: T . .. ,. , : : ::. : T .. :.. : . |
Ja - .'etzﬁf%m.?e’." (_’”.'-“’.‘ ’Jd%(?u ;.;.:);'_52;{7'?;(;,';)”] . g(j;)fOI.- .(44)7'_
iLet;ing‘j. .

:  ﬁjE“ '="j&3#(ﬁ°.+ ;)aifkﬁ(?»ail'E $G)e o 4s)

“-then [omitting the factor et (k27@t) from now onl

_ R o 5 3 e
= gmiedB = —w? i WY, Z o (46)
S o T % ' 0 Jan: S e

“01 :

Evaluatlon of ]uo and J y is stralghtforward though lengthy :The','

' z'calculatlon is therefore only outlired. here.



'fleld 1is expanded as. [.”

- Ty and T are easily found to be
T 5 —
0 0 - k‘U":.

and

” | @ L 1 -
0)% - - ku‘)-z. Wy ©

w

"The integrals over v are carried out. usin
] g | >

dwite - e vy b

if

=. ]

&
A~
a
Lo
~
=]
ot
I

_. V'I._.djsvaI. .

| J?dévﬁiﬂfoz.p=

1

_ ) $ B -
s J davvnﬂ f . . l—JTdsvf
oore §(vg) "0V - 01

0__.'
Q=hv,

-

if

“if

if

ifn

Z;arb1trary normal. mode, are. glven in the appendlx

(r-

odd

_:edd:ﬂ

ST

That is,"

. ; .E(?)' = zbng{(f)cj&€.£7 R

{the subscript;'ﬁf_Wiil be omitted beidw).'

- (47a)

v+, ‘-v_,-)] um)

s even

' (48;)

©(48b) -

- even -

C(48e)

(48d)

.- The requ1red vector. 1dent1t1es, expressed in cyllndr1cal coord1nates for

the electr1c :



' The perturbed beam current, including contrihutions_arisiqg_only

O " from.the first two terms of the Taylor series, for normal mode 4 is

z

I e e ) |
Sk byrEl 4 b — EL 4K, oL (Ee +~——E)
R s T T . ;

+ b r|E +—E ~ik(E +—E )] -l =10 Y, m z it
. 3 F] z . r r d .
- e T SR - ﬂox - =g -

—4micwJ® = B E_+ (B, +b)E, *+ b (ikE, - El)

| m4mielg

I
o
<51
+
v
tx
+
o
e
.o
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tx1
-
—

 ¥:_.< ys 3 - : - :. ....__. ) R | -
o wle— L@V gn Z:fﬂn S : w9

" and
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(B, ThIIE, * :*Ez f“_;'Ez * berr ' berz
S S r<.. o

.

S RV PE A |
CoF b gUikE] - EY) o wh— LaJyom :E: J B.'

n
n=

. where
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Q-kvz _fIOl'.

: '_ygml"- inD'w2p2 S
Tw? - A —|d3v =

Ry 82y
70_1 uﬂ..'yoVn_

. 75m3 wﬁP

Q= kv, RF L (U kv )2 '

..Uz.(yo + v‘z) - .u%.

- — 01 .
@fet- @ ko)

V0.+ )

2 e d3
' ""01._' Vp. J

gai’ - (Q - kv )2

V+v (V+v)'u

_'ﬂ"’""kv_,' gaz—(n - kv )2 fo

. YR L@ :
= —wf- i ﬁ - J_d%

RO L
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"a)‘ng_'- (Q - kv“z')_‘_z, S

t v, : kvz(,Vn"-.i"__ b'z) z.

Cyind @l S Ve
0 8 J"d.a”

75 3y, wﬁpzj
d3

'n , 2u8
. .o-l_uB .'_)(_OVO

_ﬂ*kv_

w2G? - (0 -k 2
,BG : (Q kv )

(V +u)[v(V +v)-U2]

T e @ mgt

19 : :

v f01 .
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‘Now.

" where

2,
4mme “n gy

: 3 :
AL

~and

‘911- _70‘-’”‘3, >

Now it Should he noted that bl, bs'.vs* and b are proport1onal to
(wﬁpz)/(Tsz) which is of the order of g%. Since: the use of the orbit
equations, Egs. '(25) ‘and {(26), presupposes the neglect of-terms of order

"~ g2, b, b, bﬁ’ and - b should be om1tted for consistency. However,.for .
;wé;lﬁrger-dr.qf-the same magnitude as 02, the remaining b, *s give con-

.  tributions thétjcannot be neglected. Indeed it w% >> Qz b, = ~B,, for

example Hence for mﬁ Q% or wg >> Q2 the method used here to evaluate

Eq. (39) is 1napp11cab1e since. the efflcacy of the Taylor series expans1on,

depends completely upon: helng ‘able to cut off the series after a very few

" terms. ’However in bhe 11m1t wg << Q2 all the b, *s tend to zero and only

the B;’s are left. It is shown now that. the rema1n1ng terms in the Taylor

':pxpﬁnaippfiiwe,;'J for 0> 2) all Vanlsh as wz/ﬂ2 - 0

"For n = 9.

':-iﬁaJ f,,f”d§R£?é f_ﬁ)aﬁfzﬁ(Ffﬁ)l ’25(3)f012 - ._._(BQ),.

T, = AT YA, AT R VO

where

e
1]
—
it
B
+
=)
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. and,

I = —w—J (sin u)? (cos u)?e?%du
o B}
0

I = — J “{sin u)? cos ue?®du
@, ) e o

. -
. ' 4 ' . S
I, = — J' (sin u)%ePdu - .
0 ) )

.. Neglecting the possibility of accidental cancellations A F(r,v) can
be written in terms of powers pfyqt, where vl-signifiggwgither v, or vy,

'Since;'for:éxample,

(F 4V)F = 0

. ;4;."-‘.‘\' o S

(3, * VI = G ud +dp?

-'_(?‘F Va)'ﬁ o V)F =_.a' f'a v, etc.
_where the @,’s are vectors independent of the transverse velocities and

:_also.indEpenden; of:@o

Py
=1
"
i+-Y!
-
+
Tl
[
A
e
J\
o
(L)
D-CM
-+
T
L
L
L)
ot

9
&1
=
1l
%
[4,]
.o
& |
Tt
. o
e
ol
ST
oA

.
)
[]

A, . ﬁa ;- :(52?:

-

.- where ﬂ{?s.are linear combinations of the d,"s.




sz = J d3v(V + ){ [ﬁ + ﬁ v +.._2 (1.6_3”;2'- + ﬁ4vf):| |

] S .:"-_ ' | S . E . | 7;'; S '
'-.'_J_'_"Iz'[“’das. ﬂr_;--u—_.(ﬁ_é?l.f .ﬁ“.[vlz_).] .+ 13/33”1} " 8(9)fgy - (53)

U51ng the exp11c1t expressxon for S(v) and Eqs (48a-d) the general exe
; pre551on for ]zé 1s'_‘ '

J'Ez. = j .d3v(_V_0 + Uz){ |:’)’1 + 72 + -—-2- Yy w2 +--—- ('y w“ +- 'ylwz):l -
S : : S @ A
| + . ; “+ 1 L 1 2 ‘+ . ”‘ 1 _.
I egrg * ;:'76- * A I7s¢f 01
T J Py .”'z'){Il[Fl veghyd ¢ I_z[wu Iy +.“’ur4] YIS foa
.:_£W>.l“ R e A . _.“_. T L L (54)

B  wHeré the 7i's; and therefore the_Fi's,zare independent of v, 'and @,

" Now

TN IR SN I B A S U
T WOD 16 .+D2:'w_0"0 " w.DY .'wo ﬂ—..kyz IR

L IS SR 24 3/ %y
. wo‘('lﬁw + -Dz)_'(A ..|. D) “’0'_‘0 wOD." . 2_600 1 B

o L ' "._ o ‘ : e W R .  . o
YN _ 96 s - 26 . 3 (_f__i_n{)__} (55)
w16 + D24 + DY) @070 wps  @o\ Lo
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‘So finally
2 W s

‘m I .'-.. o Wy - 0 S  .
it == J_d3v-<Vo to) (gf:‘;v—) TURE (ETT) 2,0 ) for (56)

wofﬂ

where Zl_and'22 are independent of w, .

-Hence sz is negligible for wé << Q2.  The same result immediately’
follows for j since the extra factor of v, in ibs integrand requires it .
“to go to zero when wo =~ 0 as fast or faster than ] 2 It is quite obvious .

'_from the form of T that the same result holds for ] for n > 2.

Thus in the 11m1t of Q% >> wé, the complete. beam current. is. found
from the first two terms of the Taylor series. Moreover the result is ex-
actly the same as that derived in TI us1ng stralght 11ne orb1ts, general-.,"

1zed here to arbitrary normal mode

Omltblng calculat1ona1 detalls,'the beam current is ‘now- given for the

case ‘that" Yy

can be regarded as the average beam colllslnn frequency and
is not negligible relatlve to Qz >> w%°-' '

_ 8 _ ; i
amiel? = BE, 4 BBE‘
. -- : B. _' | , l’a ..
(Timiolg = B\Ep * By ——E,
: S 1 S U , 42
-smiwj® = BE +BJ(El +—E_ + Ey) + B, [EY +—E, ~— E ] = (57)
z r . i r _r.z
whére.(Q:E.w-~.kV;'ffbm now bn);-' L
e g RV, vsmd (v, Q- ke,
B, = w?— 1 +— - d Py —
1  *19 +_1VB e nul,J_ v V Q-+ 1VB f.k?: for
co vim3 70.": _ v (V, T v,) L
B, = w —_—w. | d3 '
,?: l ngy Oy ' Q_+_‘VB.—_#?z'fﬂi




econtr1but1on)

~.where

B, - -w | a '
S ' Y0+ v, --kyz.f°1
e et

4 S {7
: *'*“91_," (Q+ vy - kv Rk

fDl

The plasma current is now calculated for arbitrafy normal mode as- .
suming straight-line orbits for both the electrons and ions. - That is,

the effect upon the plasma of the beam’s magnetlc fleld is neglected

T This places a restriction upon the results for the plasma current whlch
. can he approxlmately obtained from the hydrodynamlcal treatment of
. Mjolsness, Enoch, and Langmu1r.4' They find that for a cold beam and

.fplasma, the plasma current ‘can be wrltten as (neglectlng the iénic

E,_ + p(r)E,

' 1+ p2(r)

*4ﬂiwjg" wae-

.

E, - u(r)E,

mamiwg® (58)

L

1+ pr)

e .
4ﬂe.n°2__ w0

. om wt iy,

'and '

i

.;#(f). "——'B (r) .

Cwt iv, me
v, belng the colllslon frequency of the plasma electrons

For a unlform beam af radlus T

:p(r) .- e ,. | . f(r).;. - _.e: .(59):. .  _
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where

r r<rg
¢ ) - .

&

- r.>.ry,

o Hence.neglectiqg‘the'effépt of By(r) on the plasma is equivalent to the.

restriction

] <1 . 60
. This.inequality is satisfied for all r if

e +:ivel - 7ﬂwﬁrﬂ
>>

: . . (61)
T_ 0r, equivalently,
D 3>yl 0 (62)
@ SR . _ o R
: B : -
“where
g 1"’5"3_'_
: _qm".'*" —4"" e
707}0.'
' (It should ‘be noted- however thah Mjolsness, et al " find that ‘the- effecﬁ'-.

~on the1r d1sper51on relation is negligible even for large: values of #(r)__
Therefore, Inequa11ty (62) should probably not be regarded as: be1ng as

:_essent1a1 to the accuracy of the ana1y51s as is, for example, the ‘high

lfrequency cr1ter10n, lw - kV |2 >> @p )

y Under the restr1ct1on (62) the plasma current is” c31Culated for
3arb1trary normal mode us1ng the same methods as in TI. " Relevant vector

 "1§ent1p;es are given in the: appendlx. The result is

;725j




. ‘where
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"‘Here v, is meant_po dendtéi"when 1ntegrat1ng over the electron_ve1001ty

‘distribution and v when 1ntegrat1ng over the ions,

fog = @2

i
£
[X)
—py
e
o pa
@+
£
—
o
ta

and

1
g
.M
+ -
el\?

CWtia
p .

where

4Te n . g

S PO
-;J%ﬁﬁ'ﬁoz- w

¢ R I I £ | W+ v,

. The tvotal :perturbed current for arbitrary normal mode can be written B

as

| 4ﬁ¢er“ :. 0&E _+.U k E

il

(64)

. ~og—L @;-u—-g) o

k2. _r2_

l#ﬁgpre S __j' oo

S . 3"+ P, +'P'
;ilk(B + P )
' 3 ok P “+ P
- '_ue-B P,

- —k2(B +p )

--kzp




- .

' In-terms'bf-the:ﬁéual dispersion inbegral '

% -(_Sj

where

)

-

. . -it - I l 9 ._ls?_. .
._..l_Jdt ...._f_._._. = i_w_- J dte?t e 27 . (65)
t — s . - - : :'. .
0

Van

o

. ~ + N -
Q. v,

kug

cwot v
v,

| N kue

e ivi}f

1 3

"and where -

8y

H

w2

e Q +._iy.'

D gy
’ aﬁ

N
“4

- o™

B

- w + in
1 e
ot TR

+ 7
Qia) IVB)

2 2.
k2l

B

(for'the_béam)
:(for.thé Plasﬁa"elééﬂfﬂhs):

(for the plasma ions)' :,_

o opa -

KT, = ma? KT, = Ma?

0

Zg]_+_wfse[2e +_TSeZ:]'+ “’f_sa_[ze +s.20]

{1+-—£;(1 ’f'sazﬁ)] te?-w2ll ¥ s 2] -elll vz ]

[1+ ;%] +o? =a?ll + 52+ s32] - w1 + 52+ 512)

[1 + ""-'k———"zu] - w21 + s, 2] - w1 *s 2.1
o Rég _ SRR I

”.28
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: . ' 2 .
AR, 1‘“2723*"—;"2‘—23- vl +2s 2, 4 s22]
i R o

Qo
1§

+.w?{1 + 25,7, +-S?z;] |

] B . c. - . - . . 1 . ) - . coT 1 ) .
0% = -_wf-[1 35z, t3s}Z v _833,] - [1+3s 2 +3s2Z' +?s3z]

“(66)
(contd)

Qand cold plasma 11m1t 1is

k22
f (Q_*_iVB)2'_

2

U31ng the 1ow temperature expan51on (Isl > 1) of Z(s) the cold beam
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4 iklR%c? - Bl —E, -
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R TN e L SR R
: E" +— E! + - =1 £ . _
- ar.ﬂ.l: e r2 .6-'

IV MAXWELL’S EQUATIONS -
~The electric:and magnebic'fields_are.depermined by
E L
1 o%F A o o (68a) -

'Vx(VxE)+-'__. =
: 23t 2 ot

. Defining

E(?,z,t) =  %0 El(—r‘)et(k: a.a.t+19) . "e'rl::'c._.., o . (69)

- then Eqé (68a) and. (68b) become, us1ng Eq (64) for J (and suppre551ng

the SUbscrlpt })
S o ' 1 b R
[k2c? + o + of1E] + [R%c® + of]—F, +[k2(w2 -el

2

-(Hc2+og+a@;i}Ez = ﬁﬁﬁ&éo@;@‘+lrs): S

' '.'f70a):~-

'_C'

(Tp)

. :31"_

. L /ﬂ £ —_—-( | )+;k[ B 0e)



r T

ﬂ_-@’g' _{IV' x ' _ oL : . _£_  .
—B - _(—‘—E-,_— i_k_Eg) P+ (iRE, - E1)6 + (Eé + 1k, --‘-;-E,)i‘.
(70d)

D I_Eqﬁations (70a-c) can be put in é_so@gwhat'more éompéct-form by using

_ Egs. (70b) and (70c) to find E, in terms of £_and E, and then substituting
into Eq. (70a).ﬂ_Also,_E;-can be eliminated.from_Eqs:.(TOb)_gnd (TOq)f
This all leads to the following set of equations, which are equivalent to'
Egs. (70a-¢), - B o I

' 20, + 1 g - 21k, - -

it

I

=

|

I

Em T

4. T
+

3

" .where

N
~
]

w? = kZc? f.ag

- (w? —'dg)(wz -—kgcz raqﬁ).i

B o=k e— : -
D (? - k2e2—o?)(k%c? +02 + ol) + (kEc? - of)P

SR 1 bt = ke’ - o)) _
BRSO 2_(&)2 _.,kzcz - g%)(k2c2 +._c'§--+_0'2) .|..-(k.2.c2 - 0_3)2




~and

g - Ly E A (o2 - Ui)(wz.— k2e2 ~ of)
__ S
| 2 (@ - k¥ - o) (kP v ol +o]) ¥ (k2c? = o)?

" (Both L, and {, equal zero for zero plasma temperature since

ol - ol = Esz - P, =~ k*Pg and ol = = k*Pg.)

For &' 0 Egs. (71a c) eas11y decouple. Exact solutions and the
resultant dispersion relations for this normal mode are given in the

next section: When. the plasma. temperature is zero the £ # 0 modes can

also be uncoupled and this will be treated in detail in Section. VI. In

general however fcr g # 0 and non-zero temperature uncoupling of

Eqs (71a c) reqults in a s1xth order d1£ferenb1a1 equat1on for E. (r)

~ This equat1on can be written as [def1n1ng d"E, (r)/dr =E, (r) for n = 0]

| °nfrz d"E (r)

5 — = — = 0 S e (72)
n=0 rﬁ-n dr®’ ) . L

A

Cay = 11:+'2§' - |

qufa_“esFtﬁz oty :"—[3%2 - 29 --124]

ay(r) = 108%r L [6 + 2c]n2r2 —E10£2 - 14 + (2{2 - 5)2@]
Cag(r) = mPrt+ (23 - 22T 4T - 24 4 Géln |

~[5£2 - 3&4 +41 + (2«32 + 1)2;1

e - 5n2ﬁ2 t 4 9 621p2r2 4 (1 247 + zz - 2c£21n

'_;—[£4 + 342,f ] - 2;(&2 - 1)2]

ao(r) =(4 - ,ﬂz),nzﬁz 4 + {2({2 — 4)52 2 + ,t& 2 2 - &!(&2 - 4)

e
u
bl B -
+...\

Solv1ng Eq (172} for E, (r) E (r) can be 1mmed1ate1y obtalned from 2
(71a) and E (r} can then be obtalned from Eq (71c) ' : '
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_ The dlSpErSIOH relatlons are obtained by sat1sfy1ng the proper e

.boundary condltlons at the beam- plasma 1nterface ‘and at any other beundary
“.present ~ The: derlvatlon of -‘the correct boundary cond1t10ns for 4 #- 0
.f-follows the same method as used in TI for £ = 0. For'a partlcular mode
-4, let a*8(r = ry) and J*S(r - o) represent the surface charge and current, :
' ‘respectively, on the boundary located atr -'ro, where - (r-=rry) 1s bhe one

dlmen51ona1 Dirac delta functlon : Integratlng Maxwell’s equatlons across :

the: bOundary glves

AE i ¢#Gf  '._ R CL | (73a)£

AE, = 0. C o (13D)
AE'; =, 0 o | : ' - .e (73¢)

- aB, = 0 . 7'1._- o (T13d)
R T

. ﬁB" =-:;.__;'jg' .-f IR ff73f)'

. : and

. Ll - e - . . . 7 B
; _where
-Eputeide - Einside
ﬁsing.que(70J);-Eqsu-(73&-f).become

‘,1{

"”r

v
L=

—0E, - ikAE, = (75a)

".;ikAEr._ AE; .= ,'J* Il. :. _'.._ﬁ. 7. .(7555_-,

.(75c).
r o

i
|
LU
D
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‘and the identification is made that

- Ajw? - o2 -=—B

Also;Eqs. (73) and (74) are cbmbinad £0'giva'
A, = iwor - iRJT -——J3 . (76)
' - Ty '
Let

ot = op top EERUI ' -(77a)-'

'where ot is contrlbuted by the plasma and o} is contr1buted by the beam.

P

*”Slnce the radial current is only a small perturbatlon on the drift motion
- of the’ beam partlcles 1t is reasonable to suppose that, _1n the plasma -
“frame- of reference, the total surface current is due to. the beam Therea

- fore it is assumed that

Joe oy )

Thua_Eq. (76) becomes

]
e :

1CUUl'P.

- Using Eqs. (57), (19), and (63)

o

‘:a@ﬁJb;

jjOne'boundarY'conditiqn is obta1ned by comblnlng Eqs (BOa b) w1th

. Eq;_(TSB)'and_ﬁsing.J:'=.U*V to obtain

w, | oo Y,
1T T P YRR T T e IS RS

s

(192)

.'AEBiEr"" BEL (80n). Ten g

iR = Ao+ zk-—"B fer . wen o




L
i

' The other boundary cond1t1ons are given dlrectly by Eqs (73b), (73c),
.';[Eq (753) is. then automatlcally sat1sf1ed] and: (75c) o '

L Therefore, the regular1ty and boundary cond1t1ons for arbltrary
'fnormal mode - are': : : :

a)- E;,EB!EI;EQ,E;:must.befinite:at;r =.0 and r = ®,
by B E Eg + (id/r)E,, and [&® ~ o} - (kV,/B, VikE,
' '[o + rk(kVo/Q)B ]E'-must be contlnuous at the boundary located
at.r. = rg. Hence, for £ 40 both the equatlons for the fields

-1and the boundary cond1t10ns are coupled.
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'V DISPERSION RELATIONS FOR £ = 0

‘The 4 = 0 mode is d1st1ngulshed by the fact that both the differ-
-entlal equatlons for the field components and the boundary COndltlonS can

--be uncoupled. Indeed Eqs. (70a-b) become, for'{r='0,

I

27+ | .
e B e o
LR r ' '
RN (RN DI 3 P (@zb)
ot B v |n ~ B = O '
_J“ . _ ) 1"‘2_ . . .
CmiE, = k|1 - | EL L S (82e)
: : . k2c? a B )
where
2 (w? - k%Y - ol)(kEe? + ol + o) + (kP m oD

:,Equatlon {82c). has already been used to eliminate £ from Eq fB?é) U51ng
““Eq. (82c¢) the boundary cond1t1ons are such that Ee,E Ee, and WE ‘are con-

tinuous at r = ro, where -
- RV N o o,
: (w"’—_o*zl——(')' B)(kzcz—c§)+(@ k‘* 2-0')0'2+tk_ﬂ'3 '

W = .
. @? - k2t - o

83y

_'The solutlons of Eqs (82a,b) outs1de the beam depend " upon the phases of  '
B and m.. If r, is the beam radius and R, the plasma radlus then- the nota- K
tion will be used such that B = B, for r <ry, B for r0 < r.<Rj and -
. similarly for n? T
- m=m, for r >:R,.

'd37f5"

2, ete.  If thereﬂls-vacuum_beyond_ﬁ then, for exampley[7"”




' 'The soluvion of Eqs. (82a) and (82b) is straightforward. That'is, =

o e ow

- where, w é,ﬂf; Z;(w) satisfies the Bessel equation of order {,

CZyw) ¥ = Zp(w) ¢ |1 - = z (w) = 0 . . . (84b) -

w .

-Equat1on (82b) for Eg(r) is also a Bessel equatlon,.of order” one.

The case of a plasma of - 1nf1n1te radius is dlscussed flrst The.

~solutions of Egs. (82a b) that sat1sfy the regular1ty cond1t1ons are

;_fr;f:rd?_ E;(r)
CEgtr) = CJ (n N '__ . (85b)
| f_?_fﬂ' ;?,ﬁ&' Q;or:Im.ﬂL*fO, e.ﬁL ,Relp 2 -5

CE(r) = —szrgFﬂé:y(ﬁLr) . I (SSC)Z

=3

 ﬁ'-.'Tﬁfﬁ1” =-30§ﬁ&iﬂe L <~
Beoo-0 e
  ﬁL '=-‘0. Re é;'> 0.ér.ﬁe gL'=_o,1§;gt ;;0
. E,(r)'-=_'63 oy (85e)
| é;.1¥:'Q,IBe €¥_<.0.o; g;'_f_.o__ | .'
Ih'n;.é 0 of':ﬁ_nL % 0, Re 7, >'0..'

E,(r) = CEDGry (85g)

| 0 Lo C
O T SO
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| _a,w,h;;‘.-_““l\[ﬁs L Bry) - u; (8, 0)1

.ftése IIa:‘ ﬁL'_? 0, Re-gt >0 or Bg 54

:".-:Czw’r“ [ﬁ r ‘]C ('Bsro '-tsJCII,('Bs";)].-_i_ - C;wj,z»gt,’.'o: T

For Im B, <0 or Im B = O Be ﬁL < 0,_and Re €L > - (1/8) H(Z)(ﬁbr) must

be" subst1tutedf0r H(l)(ﬁbr) in Eq. {(85¢)}. For Im 7, <0 or Im m =0,

" Remn, <0 H(l)(n r) is changed to- H(z’(n r) in Eq.- (85g). These cases
. L L g L q-

~will henceforth be omitted since they lead to the same dispersion

relations except for hhe.intérchange of Hankel functions.:

The cont1nu1ty conditions at r'= ro give the following relations

‘ [where J'(u) = dJ(u)/du, etc. ]

Case = Ia: _Im_ﬁb > 0 or Im B, = O,“Re_ﬁL >4, and_Re £, >~ 3

C r ;'J‘g (ﬁ r ) = C rhéLHc )(B.l_ro)

C Wery [,BsroJé ([3 r ) € J; (/3 '”').]'. = Czwnro [/BL 0 (/BL"D)

Case - Ib: Im 3, = 0 and Re {, < iy

Cyry ‘Jcs_(ﬁsro) -0

(86b)

I

Gy Te g J; (ﬁsru) _= C + C Ty | L

BT A ."(36c)-'

-.Case IIb ﬁ = ;0, Be £, <0orl fé 0

: .leo _J;.._(ﬁ."_ro..)_ o Cs

i czw,ru Fr B0 L Brg) = 0w
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:~'.QC4J£(n;fq)'

i”qu Case- IV{_ 

em Jin,r).

. .C4nsJi(ﬂ;rg)_

Im n;fS;OLor In m, = 0, Be.ﬁ;ﬁ> 0 -

-:Csﬂi 1 }.:(-;-]L.riu)':

' S .
Com Hy° .("'hr_.o

1

ﬁL?;= _0i 

1
"o

- Cp— -

2
To

(86e)

(86£)

'The.aiSPersibﬁ:;elationé that‘reSult from Eqs;-(86arf)-éré: ﬁ

- Case Ta:

S Im B, > 0orImpB, = 0, RefB > 0. Rel, 2 -

“and

o .:' WL'BL_J;;:(./SsTD)Héill..('ﬁLr_‘O-) = ws@sJ§;+l(ﬁs‘rO)Hé'i)'(ﬁl_.rﬂ) .(37.'?)_ _

Case Tb: .

~_Casg Ila:

" Case IIb:

In B, é.miﬁtL<~% , and

| Jgs_(ﬁs'r,:,) - '. 0 = W:ﬂs']!sf“fgﬁ’r.“)"-j-.-

"-2§1:IWI;JC ,..('_-ﬁs"o? Q= 5s.f_bws"'._§;+'1:(ﬁs'”u) .

By = 0, Rel, <Oorl = 0, and.

MBI B < 0

.:Case:IIIE

“Im nL;> 0.§r_1m nL. 0, Be 7m;- > 0,_ana

mdy (B myrg) = nd(n r B G rg)

40 o

(87b)

B, = 0, Bel, >0 orRel, = OandIn 70, and

_(BTC)H

(87d)

| (87e)_'




Case 1V: ni_.=' 0 andl
nJolm,rg) = 0, N €1 £9)
where the identities:

ZJJ+1(Z)

{z) -

2N (Z) - v (2}

I
H

od

v=l

zJ (z) + vJ (z)

whlch also hold for H(l)(z) and_Hiz)(z);ihave been uséd}:_ l

Sett1ng E 0 recovers the. zero plasma'temperéture'dispersion relations

given in TI. Cases III and IV only depend Japon the plasma: temperature - B
through 7. -Also it is easy to show that for 7, = 0 and hence, . for Case 1V,
'only damped or ose1llatory solutions are- allowed, at least for very low or
'very.hlgh plasma“temperatpre However, non-zero: plasma temperature suffx-
biently‘rdmplicates B 'so thét no such conclusion can be reached about
Cases -Ib, Ila, or IIb The reader is reminded that for:zerb plasma temp-

- ature ﬁL nL ‘ Detalled analysis of these dlsper31on relatlons and those-

‘_to follow w111 appear in the ‘next; report of th1s series:

For the case. of a plasma bounded by a cyllndrlcal conductor at-
rR > rs ‘the: solut1ons of Egs. (82a b) are (neglectlng edge effects such as -

'-the,plasma sheath)

. <-r6: 'Ez(r) ; :G1r'F,J£s (Bsf)i - 3_‘.;'.'. ”:;%;f. Erilcgga}.

-n

e ) (e

rg<r < B0

|

R0 s e e s oD D) e

.  . E?(r)_rf"cs + C; ln:r': | :f ::::f.[_1:i;;1;r§::f”  i(8§e}1_




ST ;% 0 o
:CG;_-+ Cﬁr.- L SR L o - - (88g)

T .

'f:EeirJf

'*_The boundary cond1t1ons at the wa11 (aSSum1ng a perfect conductor) .are -

.. such that the tangential component of E and the normal component of B .

are’ contlnuous. both are satlsf1ed for arbltrary normal mode if-

E (R, ) -.0 E (Ry)..

V:IThe result1ng d1sper31on relatlons are
; oﬁb % 0 and | |
- _.ﬁ,_W J; (B, )[H‘l’(ﬁLﬂo)ngll(ﬁL 0) - Hglil(ﬁLro)H (2) ([3LR )J
?_'§,W5J;s+;(ﬁ r }[H‘l’(ﬁiRO)H‘z’(ﬁi ) = H(l’(ﬁ&r )H<2’(5L30)}
o | - - (aga)_'
B =0, L F 0and
. - .- ER B -2 o
R : : e o R o T\ - N
' 2€Fwij§,(ﬁ=r9) =.'WsﬁsroJ§s+1(ﬁsro).( ‘-7i;)” o (89b)_o
_""R-D s L
o MJ B s '_.Wsﬁ_s.ror_l".";:J;.,n-(ﬁ.;T:o)_ e o (89e)
.HnL # 0 and
 .nLJ1(n ){Hfﬁ’(nLro)Hf2>(nLRo)~-,Hgl’(ﬁLRO)HgZ?(ﬁLrD)]

(n r )[H‘”(mro)ﬂ‘“(n,, u) - H‘”('n R, )H‘ (nLr N

.(89d) o
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. ‘;']L' = 0 and.
M RE - e g(nrg) = = 2rgdyngrg) L 48%e)
The final @ase to be treated is that of a plasma extending out to
- Ro.bgyond_which is vacuum. . The fields are given by Egs. (88a-g) for
r < Rﬂ and, for r > R, B : S
Inn, >0 orInm, = 0, Ben, >0
LB = G () o)
Eg(r) - C M () ey
B 5 Gy (90¢)
CAMRANEE N E AN D o T
. where

' C2n£ = ._'w2 - k2c2' .

‘:_Sihce it has been assumed that in its own rest frame the plasma produces -

HOzﬁurface cqrpgnt thgg}aqgthe_pLasma;vgcuum_intérfacq,1 S

wz _ c-?. _Ug R
, I
z

Cw? - kPt -l -

is'gontiﬁﬂous! igstead of ﬁE;;g 
:-fihyé the-d?épefsioﬁf;elaéions:ar? 
. ~?Lff¥.fp"'
o In ﬁ;-?-° or
; iﬁ WQ;-%_ 0' '{
Rem o

Ufand;
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Lo S

ey 5swsJ§ H(ﬁsrn){,@

‘ﬁ,_ 70,

h ﬁg, (tBs’"o)[Héllx(JGLRo)Hézlx(ﬁLro) - H

. .13,_. - 0’ 5;, o .‘0' and_lm -r;v >.o_r Im 'r)y_" =

28 M

 .+ 'r]VRO
: '. ,'ﬂL =

H“)(Tf )U‘I(l) (B )H
_&2 2‘70{!' - VRU +1%L T

. 2 .
+T) ; H(l)(nvﬂo Ui(”(ﬁ,_ﬂ )Hézll(ﬁt.ro)
) w? =k c2 )
"-’2 O{ 02 (1) (1} (2)
P E—— H (UVRQ)IH (.BL 0)H§ +1
Foitet o,

C‘)2_

.+. ' L H(1)(77,,30)[Hulﬁ1‘30)ﬂ(2)(161,ﬁ } -H (1)(’81: o H(z)(lBLR )]}

-1 0, ah_d |

- ,6 WJg ﬂ(ﬁsro)[ﬂélll(ﬁLRD}H‘”(,BLro) - H‘l’(ﬂLro)Hézil(ﬁcﬁ

S T AR

Jw* — ke

P ' WTq T P fToe
= 5sWngs+1(5sro){‘2§L — (_H_) _ H“’(n VRD

o ‘-k-zczﬁ—. o2 0

1L

H(l) R —_— ] L
kzc? : (7} 0) (Ro) 1

0, €L = 0, and .I.m 'r;v >0 or Im'r;v =

>

P - kA "'t.; (‘B ’G)H“ (anﬂ

= 'W,B +1(,5’5:'-0) —_...-.-..-..P.Hu)
mh | of = kic* -0}, Ry

__44:..

11wﬂr )H§2+1(,8LR )]

("),,R )+7}er wz"““"'_

1(__51,3'0) *Hé;lleR )Ha_; +1(16L o)] L

H(2}(BLR )Hélil(/@[. 0)]} :..

B B BRI )

o)

.0)]'_"_: ._..(91.1)) '

0, Rem, >0and

 (9le)

0, Re qji‘,'>. o'éﬁdf% e

h e
ln-—H(”('nuﬂo o
(91d)

'o




4'. A

Sy

—w oo _ 1;‘. 2[‘_.._ . : )
.ﬁs ) 'E-O- : Cw? ket - ol ng‘*l(ﬁsrp)" =0 o _(9;le)

1L

" m # OsndInn, >0orImm = 0 Ren, >0and -

7y M B (R (HEY) (nyr AP (0 Rg)

—ng’tniro)ﬂgl’(nLﬁb)]

mHD (o, Bo)[ﬂfl’(nLﬂo)H‘z (n;ro) - H‘l’(n r )H‘z’(nLRO)]}

 :n}J0(ﬂ_ ){n H‘l’(nvﬁo)[ﬂ(l’(n ro)H( (nLBo)

H{l’(nLRO)Hfzf(ﬂLru)]
M H{ (R TG (q ROBE? (myrg) = P myrg g (m Ro)TY

(518) -

L :"71.: = A 1.a-nd"iI_m 7‘;;5 0 of Im ny L= 0 Re , > 0 and

L e d A, r SV (mR) = , 7 (n r )[2R H‘l’(nvﬁo)

;am%%%m”mmn- T@@

Wry*f.0='ﬂ;ﬁﬁsl_9ajﬁnﬂ~"'

"jtnLJl(n r )[H‘l)(n R )H<2 (nLro) - H "(nLro)H‘2 (nLR )1

Lia e o R ey |
T ?]S‘I_O(nsro)[Hﬂ" (”L_Ro)Hl_ ".("?L"u),_'-" (”L"o)H ("TLB )} (9”‘) .




B 2 S EENEE R
. : _'.'—-Wszﬁ-a-fb(??s'”o)ﬁ _-=(-__£___1)Jl(nsro) ...' oo {(91i) . .

.ro

: _ Tt shbuld b.q._riéted that the cases W1th .'r?v =0 = c_:Jz_ ~ k2, Egs. -:(91;_3),
- A{91h), and (91i), “have only oscillatory solutions. - L

16




E(r) C —IJ,E(n r) +'c i |

VI DISPERSION RELATIONS FOR ZERO PLASMA
TEMPERATURE AND LE0

When T, = 0.?.Tg great simplificatioh occurs for 4 # 0 since then

:.'-.cl = 0 = ga and'Eqs( (70a-c) become.

E! +_1.E; +[ﬁ2 —-/-ﬂ—:lE‘ = 0 : (92a)
_ ro , . C .

r?

S R ..:£2 - ' o 3 | “  : 1
E"+ E.E"_+ [772 - 1] E. = —— I:(/32 - 9)E; +_2'ﬁ—'E,] - (92b) -
L R - 7P R

T o

2 : e 2. ol :
-'-E:?-Eg E: +iE +a-é—-E L “(92¢c)

where

P ;_.,.f...(k2 2 - o)
kc '

The soluti#n of Eqs. (92a- c) is- stralghtforward Only'thé'case of .

:an infinitg;p1asmé-wili-be consldered here The flelds are g1ven by

< rosol
r L

CE,(r) - ._cl'.-f,g(ﬁ,fr;)“ Ll ..(9-3:a),- |

R,
JpBr) ¥B rd g (B.r)Y
' Uf_r A -

4

S



. =idEglr). = 'C“T?SJ_,'E(’U;r)-*'Cl_ 18 r-&)J,g(ﬁ r) - — J,gﬂ(ﬁ r)

7}2_52

.s . . . s s

U ERRIEE IR R S 2 S e
e = Jp By (93e)

r_>-r0: _(racall'that,_fof*:éro~plasma“temperature, ﬁf = Wf)_.

E,(r) -_f.¥ CHfﬂ”(ﬁ-_,_r) e (93d)
“’(ﬁLr) S (93e)

R A oy
Er(r) = CS—; H,E (,BLT') - C ﬂ

e |
- ES(r) = CﬁLH,{(?’l) (/BLr) te, =— 7 [zﬁL 3 ]Hfﬁl ’(ﬁLr) (93{_)
A L I I A

-

B -oeeh s

T €L

fl

: .i{E_e(r)- -Conr ¥t ¥ cia;r"’ﬁ'l LT )

. The dlsper51on relatlons are obtalned by u51ng the general boundary
conditions given in Section IV. Due to the very. complex structure-of :
‘these d1sper51on relatlons, they are best left-in determlnant form.

"~ Since ﬁL = 0 implies only oscillatory or damped solutlons, this case

will be ngglccted. Hence for Im B > 0 or Im ﬁL = 0, Re ﬁL > 0 the d1s-_

'  persion relation is
JgB.rg) Det (A) + Hy''(Byry) Dev (B,) = 0 (94)

48



" where

11

21

22

il

12

13

23

.aL

— Qw? - P ,_)H,E (,BLro)
By

1
= (0?0 - Plsﬂ-—@B )——; J,g(ﬂsro)

1

e )——-H,E“(ﬁ;,rn)

o~}
"

_' .
: achu( - 2 - ) H,é“(ﬁLrO)
Bir? I

. .
[

22.:- nsJé(ner)-

=]
"

23 - ;ﬁLHél) (Byry)

r éﬁH(“ (ﬁ,_ro) [2(£+1)B2 “42] (1’(ﬁ:fo) }

' ﬂLr ('ﬂ - 2ﬁfr%)h’,ﬁi(ﬁj,fq)}

g2
ZJ’E(.,? r ) +.-:--—J,g(173r0)

|~ I
H

ﬁfﬂ“’ (ﬁu"o) YRR
Ca, .ﬁfu. o - A

¥

T
[ ]
o)
o
o)
i
&

2.
PN




T e
i - 4)J . ; J
T [wr“ T e i

(]

@2 - BB, ) AS LA A
Yl - 9. 9 _
- — - Jp1(B,ry)
2 __ﬁ2 .

SRR

W
n

T ?5[’83(“ £ BorgdgBrg) +_;'ﬁ3('.ﬂ'" o) gerBrad

+-—ﬁ"(’ﬂ+2)J{- (ﬁ [32.1,5_ (ﬁ o) +_'f32";' Jp-y(Birg)

B ) A2 ﬂ2(1+£) 2 g2 ]
+ . — L] (ﬁsro) — J,g(ﬁ ro)

- 773" le - . T?Z —ﬁ2 '-i“%
)f ) It is quite'appareﬁt'that the analysis of Eq (94) presents a very-formidf.
- able task. Therefore,_lt is of some interest to conslder 'some spec1al
modes for 4 #0 that result in ‘simpler . d1spers1on relat1ons Th1s 1is:

taken up in the next section.
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VII SPECIAL MODES FOR NON-ZERO PLASMA TEMPERATURE
~ AND fE#ﬂ

_ Slnce the complete 1nvestlgat10n of the £ # 0. and non-zero plasma
temperature cases ‘necessitates the solutlon of a formldable sixth-order
- differential equatlon for E (r), Eq. (72), it is of somé interest.to.
ilook at some special modes in which the analysis can be considerably
.'1 51mpl1f1ed The pure longltud1nal and pure transverse modes. are treated

in this sect1on

<A, PUBE LONGITUDINAL MODES
Here-Ea = 0:= E* and Eqs (70a-c) become
1k[k2 2 - 02] if-E = 0 ':' S (95a)

iklkZe? —bg]s; <0 sy

:ﬂ{“).3 .. _. . | . o DL o . . ..{ RITR .. .  .
S et [,,2 “ﬂ‘“’: -0 e

C .
. where :

e = ==

2 2.2 2 2
LA tog

12 -2
w® =0y

12,2 & 52 4 o2

' Hence“Eqs (95a b) show that qu any {; puré~1ongitudindl_ﬁaqu_afe» o

poss1b1e 1f

25-__,'

féﬁcijj<1 i,, ,.'Sizz;..*73”'




6rff

',:E_”} _  'ﬂ o - o ?*ﬂ“;' - k2c27'=_'02 '  L :_f_ ' (96?)'

The fields for an infinite plasma, if Eq. (96a) holds, aré -
r<rg B =gy R, ey (0Ta)

g B s

[{}
-

; (97b)
. er, if'Eq.=(§6b) holas; "
r<rgt _Ez(r}. = 0 1.-.' S - (97e)

> ry Imb, >0 er Imb, =0, Reb >0

]

.1' _  _ Eﬁ(r) S Gérfcﬁﬂizz(blr) i ‘7 ) . _(gzd) -

-

.. (f\ o _[f”_.  f“ . ' E,(f). .,fCQt:aF ; - :___ .' . ' ;_(975)
R
_ ~ For a plégma bdundad_by_a perfcct-c@nductdr.of‘radius'hb,'the only
‘changes in bhe'solutiqns-for the fields are for r <.r <R, when Eq. (96b)_
‘holds. .In. this case change Eq. (97d) to o '
Er) = r IGH (hyr) + CTH ) - (98a)
and CHangé”Eq: Ig?c)ﬁtp
| R -y ~Ay L AL : B
- EAr) = r "{Cyr tCyr ] . o _ _(93b)
f'fFor a plasma:extending out:tﬁ Ry beyond.which is'fécuum the fields
 are giveh'by Egs. (97a-c), Egs. (98a,b),'éhd_f0r.r.> Ry,
CE() =0 L ey

sz



- The general boundary conditions for arbitrary 4 are given in

.'g S¢ction iV.” Théy reduce in this case to the continuity of E_and

i&fz +'ik(kV /Q)B 1E : at thé:beam radius r,, to the condition Ei(Rb).= 0
-at the surface of the conductor, and to the cont1nu1ty of E, and E;

. lusing Eq. (95b)] at the plasma- Qacuum 1nterface _

- The dispersionvrelations for an_1nf1n1te plasma are

n
=]

' Case Lo ._k2¢2_—_ogs_ ~ (100a)

Iy lbgrg) = 0 (100b)

. 2 B
( 23 k Q"‘"’ B ) [(AS - -“s)‘IAS(ber) S OJA +1(bsru ] _= 0 .
SR R S S SR (100¢)

and . o

s T ":'-"':fff”.I'mii_?"L .:_>-'-_ 0 or Inmb, - 0, Re b, > 0 _

R%? - ol (101a)

]
o

Jgﬂ[u “L)H(l)(bﬂe) erDHA +1(erD)] = OV ' (101°) :

:uf%When by =*0; the é&htiﬁuity of E 'requfres C, "O.f'Since“qubining

Egs, (101a c) 1mpl1es a contrad1ct1on, namely bL = 0, - then only Case I

.;surv1ves Therefore, comblnlng Eqs. (100a-c) gives the d1sper51on rela--

tion. for pure long:tudlnal waves 1n an. 1nf1n1te plasma

: (1 '+_i—_2 _Bs)bs = 0. . . -,_(102.) .

The d1spers1on relatlons for a conductor at R, reduce to the same’ ,'

resulh as for an 1nf1n1te plasma. Eq.- (102), since the same contrad1ct1on N

is eas1ly “found to hold as above (i.e., Im bL >0 or Im b; =0, Re b

“and by = 0) when Eq. (96b) holds A 'similar result is also found for the- i

' beam-plasma vacuum system
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'Hence, £hérbnly_ﬁoseible pﬁre longitudinal ‘mode must satisfy the
diSpersion relatioh,qu (102) This mode is characterlzed by hav1ng

fﬂ\;ﬁif- o E,(r) =0 everywhere outs1de the beam.

The solut1on to Eq (102) correspondlng to 1 * L(VU/ch)B = 0 is

'Z*equ1valent to

k.V.o' wlz_ ' .w‘+ iz, N . FEEE
‘ 11 + =z RS (103)
_Q k2 92" : kUB B _ S ’ . h o

lo———

" For zero béam temperature Eq;'(103).reduces ro.[esingr@3'= 2(C2/V%)QE]_
S
2w

4 ———————

R

T YR

or..

o+ -iV_B') + 2co2 oo L. (i04b)

The high- ffedueney'criterion' |Q]2 >> aw, must be 1mposed Therefore,
‘Eq. (104b) can: be ‘satisfied only if vy > wﬁ In th1s case, a damped

_ solutlon results

. For highebeem_temperature Ed. (103) becqmes (to first order in /Up) -

wyw [ petw ]
1-— — f1+ 1/:_ =0 L (105a).
0 e | 2o Ry | et

¢
'I_"'o.r-"l/,0 = c,.the sqiﬂtipn gfqu..(lUSa)_ie .

: w? 7 s
RV, = — .

SRR ked 2 RU; 0 . '
Cw = . . L {105b)




'S1nce for hlgh temperatures, af/k2U2 << 1 then it is easilf seen_thaﬁ'
(105b) does not sat1sfy |Q]2 >> w _.(1/2)w " This meéns that for
.extremely low or extremely high beam temperatures, Eq. (103} possesses

‘no. consistent, unstable solutions:

"To obtain the other dispersion equation of Eq. (102) we let bs.* 0.
“Fron Eq.- (97a b) thls implies that the field vectors are zero everywhere
“unless Ag — 0, whlch in-turn, implies that £ =0 and a zero- temperature'
..-'plasma.. For'flnlpe beam radius, r,, and when a§ = Ag = bg ~ 0,

" Eqs. (97a) and-(97b) yield ' -

<
- r ru

- E,(r) .

u
e

E,(r)

]
=
Y

r>r,.

0, and the field-vectors-aré Zero

]

- By Eq. (73¢) AE, = 0, so that ¢,
:@u@rywhere”again.f Thus, the-ahove—set_of values,yieldg no physically -
”iﬂtérésting;situation. ' C ‘ R B
_ Another way of seelng this is to note shat Eq. (100b) cannot be .
. satisfied as ag .= Ag = bg = 0, for finite ros for then.&s(hsr y=J U” =1

z‘:and not zero as requlred by Eq (100b) ~ However, as ry = @ and when -

fyi#S*f:A':”'b =x /ro 0 so that- bs 0 = xs;'Where Jo(x3) ? 0| qu:(l00b)...:

— OO
i

. can ‘be satisfied. in- thls_case,,by virtue of Eq. (47a) of:TI, o
bg= xg/ry -0, yields ' ' 7 P

- w,? wﬁ 'a_,(o) + i) aQ+ v, q
1kt = — e ——— ]

. e (106)
wf et wNR L Uy R

. the d1spers10n equatlon for an 1nf1n1te beam in an 1nf1n1te cold plasma

The dlspers1on relatlon, Eq (106) has been exhaustlvely stud1ed

_,.-for VB'* 0 by H Slnghaus 3. HIS ‘main. result is thah, f the beam tempera-_&f_f
C‘ture is hlgh enough li.e. ,'._ (wy/w YUy /V )>>]j then the only insta-:
: ,b111ty poss1ble is characterlzed by Iwi k¥ and a growth rate

Im w = (1/4Tz)w .. However, the- 1nstab1l1ty is. quenched 1f v, a,(VW/QG) .

: (w-e/'T?)_,.where_ye is the plasma: collision frequency.::..
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_or

| B PURE TBANSVEBSE MODES

._,From Eq (70c) 1t is. 1mmedlately ev1dent that EB =, 0 = E, and'
E - # OQis-impose1ble_ " However if E_ = 0= E, then qu (70a-c) become
o . e S
[k2 2 - gz] ‘—Ee =0 . (107a)
CEp *—Egt [nz “-——]-Ee =0 S (10T

i [E5_+_—1—E9] -0 e o ~(107¢)

* Combining Egs. (107b) and (107¢) =

| i,{:ﬁ.zEe': o .o

“For 4 = 0 the dlsper51on relatlons are found by solving Eq (lU?B) and

this has been given . in Section V. For 4 # 0 a non- tr1v1al solutlon is

| e_-ebtelned only if Eq. (107d) is satisfied by having . 92 =0 and Eq..(107a)

is satisfied by setting k2_2_- ¢§ ‘ Thls is equlvalent to elther
o 2 _ o3 o o . e
« 015 023 = 0 o :glqaa)
2 g2 - g2 = PO e 7
W - o, = 0. y 3‘(108b)

1L

When Eq. (108a) hclds, Eg(r) s C W for r < r0 and Ee(r) = 0- everywhere
else. -When Eq. (108b) holds, Eg (r) =-Cr + c! /r for ry <r <R, and .

Eplr) =0 everywhere else. - Continuity ef Eg and E9 then 1mp11es that

'5Eg(r) must be _zero- everywhere for both cases.

Hence pure transverse waves with just-one cylindrical component,

elther E_or E4, are 1mposs1b1e for 4 # 0.

If both E, ;é 0 and Eg 7 0 when E, = 0 then Egs. (70a-c) become

(k22 -agl(g; +—_‘-—_Eg)-+ [k%?y—'ag]_l.gr =0 (109a)

r
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I 2

Eg t—Eg + M - _] Bo m = (E: -iEr) =0 o (10%)

2

FYY Y - o PRI
[772 — Er - (EG .|._..]‘...-E6) = 0 L o (109e)
. _ . {r o . ) _ S ) :
Combining Eqs. (109b) and (109c)

-2, - B +-l-Er . ST (109d)

r ' r

Thus Eqs. (109d) and (109a) give -

T (109e)

1
o .

: 2 - 2y —.
. {02 0'4) r Er

NIOW O'g— 'O'i = .—k2P_'5'-'SO Er }5 0 '°n1y if : ‘
: 58
or o . o _ R o

where it is assumed that. the presence of the beam causes some disconti-

L nulty,_however small, in the plasma parameters

When - Gg = UE is 1nserted 1nto Eqs (109a c), an uncoupled equation

- for E (r) is obtazned o

s, -
EM +—EJ+ 2# .
o’ T T

P = 0 - _j f;:;:-;ﬁ;(110a) " |

' Attentlon is aga;n focussed upon & # 0 since the.£ 3'0 case has been

" exhaust1vely treated in Sect1on V. " The f1elds, for an 1nf1n1te plasma,; S

‘ 3:i”when P =0, are

i '.

'. r' < ro E (r)

g A T T e e

’ﬂEa() ey @
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“::15 no. longer 1ndependent of AEH = 0 and A[Ee + (L&/r)E ]

ﬁ.r:?ﬂfﬁf' 3 En(r).lfﬁ'o .;_'Eé(}) ;_;: j,:;- ' € © {112¢)

-_The-disperéioh;rélépions'are found by'appiying.thg:follbwing boundary

conditions: E, and Eg + (id/r)E_-are continuous at r0; {It is easily

-shown, ‘using Eqs;;(lg9é-c),xthat the additional ‘boundary condition found

in :Section IV that remains when E, = 0, namely Afw? - ol -*(EVO/Q)Bi]Er =0
0}. |

S The d1spers1on relatlons are .

mglglagrg) = 0 (i)

'UgJ:{’,'('_??,.'s.r,o):'+'-'_-_r"2'.Jff;("3,s"o)- =00 a (113¢) -

However Eqé {113b,c) are satisfied-only*if s % 0 which implies that the
" fields are zero everywhere It is-easily shown that this result is also.

bbtalned when P =0 and for the cases for whlch the plasma is finite,

- Hence 1t can be concluded that pure transverse waves are not p0331b1e

fﬁr 4 # 0.
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'-vII_I' CONCLUDING REMARKS

The main results of this paper are the dispersion relations derived.

. in Sectlons V, VI and VII. ~That 1s, Eqs.. (87a-f), (89a-e), (91a-g), (94)

and (102).. In the next report of thls series, these dlsper51on relations-

.w111 be analyzed for pos31ble unstable solutions.

Further exten51on of the analysis presented here of the beam plasma

_system is contemplated in whlch for example, external electromagnetlc-

flelds and non- un1form den31t1es of. the beam and/or plasma are cons1dered._'
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- APPENDIX

VECTOR IDENTITIES IN CYLINDRICAL COORDINATES

Listed in this appendix are the'vector identities'necessa:yjin order

:to obtain the beam and plasma current responses, Egs.. (5?) and  {63).
‘These. 1dent1t1es are given 1n cylindrical coordlnates ‘using the notatlon
E' = dE/dr, E" = dzE/dr s etc The space-time dependence of the electric
.-fleld is assumed to be . ' o ' L :

E(x,-y.z,t) = B(pettirmertdey oy

“where

BT R L

Let -

V.t T

O B ek (AR L) B L S

1w

'i(kz-mf+£9}, is understood on both s1des o

where the exponent1a1 factor, e
of {(A. 1) and in all the formulas that follow - For the plasma set V, = D.
Thus : R : , .

C L emm, -*v;+v““' e w ]
F(r,v) = rl— E + — E’ +——'_' Egt—Eg-——E_}J| -~ -

LT L S =
N LU TN A X v : £
i -L(E9+.1.Eé-w)_

w Liw r P e

ot Z|E o h——(ikE, - E] ) $— zkEe -—'E o (A3

Tl : 'LCrJ

r iw

RGEAA F - 5[- o (E9 +“L'Eg" l-f E) * I[_ ukE -*_,E'.;ﬁ] | <A4) |
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Ey +~E —--E'
8 TR0 T

= E'Y £ —
r e .- 12

R ’ .2 : .
<1 +""E - “"—E
e r B oy /.

T ‘ g I
cor|v Bl —(i4E - Eg) + —

+.

”9

vr:(vo‘{-vz-) . . (V +v ) . - . 1 :. R l
_— —-—_- thEg +id\E, == E ~ikE J ¢

LW

:, =* — VE

C L iwr

+_Ee+'—_ :

{Eg_ Ea

Lt 9[ Eg+— (1"EE +E )+

o ”r"a
.
Slwr

' ve(lf +u. )
+——_—-—

1 U(V +'U)

Twr

{(—E-Me)w }



| S ”r'.. : ‘-.”e _-."ﬁ | 5 ~q _
‘+ zr[E' +—(1kE '—E“) +—{ikEé - = (E; -_:—'Ez)}] C 0 (ALT)
: L@ S Aok U A 731 . B

| (v V) 2F

The follow1ng is only needed for the: plasma, s0 V has been set equal to__

= ,:2E"— —{(1 +£2)E +21'EE9}+ v ve{llﬁ (?.E —-lE)

RN E R I e vﬂ o1
el dainda-ta 2e-te))

- 2. @i oo rLipi . — [ - - - . . R
o +:?r.vz(_E.z' lkEr) + v._rva?: r {kGEG 'r:EE)) +'ﬁk(2E; :r‘ Er) SRR
.+.i’5(2E: "EE; +—Ez)}+v v&{ (2E' ""-"E) R B
e +.’:.'f.(1 +4’,2)E_'E_k Joeeg, A\ A e E




ot ug(akE"

L N AR, 1 ‘Bt 2' fi.’? + 2 ;U o

5 + k v 1E : + 3 '21."&(5" +-1-.E _"EE ):
h S ' z ° 1.?9 2\ T

J"_ o - e l'{’ . 3 . . 2 : .
-E)+vu9 1kE9'f";:- 3E:"TE‘+—;E1

iE +vval£ (212 ——E)-

A

.“l-%) +v9{ - ik Ee}] I O )
. R GO r2" SR .(corit_).
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